Abstract-This paper aims to resolve a clear and unrealistic limitation found in recent works that have proposed solutions to the massive demand for the autonomous electric mobility-on-demand (AEMoD) services. Namely, this paper will focus on the matched charge-to-trip only service by enabling sub-class service; i.e., allowing vehicles to serve customer classes with trips needing less charge. The paper proposes a multi-class management system with a new queuing model for one city zone, and then derives the stability conditions of the system. Proportions of vehicles from each class that will immediately serve customers with sub-class service or full/partial charge are modeled, and the maximum expected response time of the system is then minimized by optimizing these vehicle service decisions. The advantages of the new model are then compared with previously proposed schemes and non-optimized models through simulations.
I. INTRODUCTION
Urban transportation systems are facing tremendous challenges nowadays due to the exploding demand on private vehicle ownership, which result in dramatic increases in road congestion, parking demand [11] , increased travel times [15] , and carbon footprint [4] , [14] . This clearly calls for revolutionary solutions to sustain the future private mobility. Mobility on-demand (MoD) services were successful in providing a partial solution to the increased private vehicle ownership problems , by providing one-way vehicle sharing between dedicated pick-up and drop-off locations for a monthly subscription fee. The electrification of such MoD vehicles can also gradually reduce the carbon footprint problem. However, the need to make extra-trips to pick-up and after dropping off these MoD vehicle from and at these dedicated locations has significantly affected the convenience of this solution and reduced its effect in solving urban traffic problems.
Nonetheless, an expected game-changer for the success of these services is the significant advances in vehicle automation. With more than 10 million self-driving vehicles expected to be on the road by 2020 [2] , it is strongly forecasted that private vehicle ownership will significantly decline by 2025, as individuals' private mobility will further depend on the concept of Autonomous Electric MoD (AEMoD) [1] , [3] . Indeed, this service will relieve customers from picking-up and dropping-off vehicles at dedicated locations, parking hassle/delays/cost for parking, vehicle insurance and maintenance costs, and provide them with added times of in-vehicle work and leisure. these autonomous mobility ondemand systems will significantly prevail in attracting millions of subscribers across the world and in providing on-demand and hassle-free mobility, especially in metropolitan areas.
Despite the several benefits of AEMoDs deployments, the success of such services is endangered by two main threats: The communication and computational delays that might be caused by the expected huge demand if a centralized cloud approach is used for the operations of similar systems. Additionally, the traditional charging method for electric vehicle's batteries, requiring the vehicles to charge to the fullestf, will not cope with the huge numbers of cars belonging to the system. This will result in unlimited delays and instability for the customers. Recent research works have addressed important problems in AMoD systems by building different operation models for them like a distributed spatially averaged queuing model and a lumped Jackson network model [19] also the system was [16] cast into a closed multi-class BCMP queuing network to solve the routing problem on congested roads. In [17] a lumped spatial-queuing model was proposed. In [18] , the paper presents a model predictive control (MPC) approach to optimize the dispatching and scheduling of the vehicles in AMoD systems. Several non-practical assumption were made in order to treat the problem and many key factors were not considered in these works in order to simplify the mathematical resolution. None of these papers proposed a architectural solution for computational latency in case of massive demands, the electrification, and the vehicle's charging limitations on the system stability.
In [5] , [6] , we proposed a fog-based multi-class charging with subclass dispatching solution for AEMoD systems to resolve the lack of computational latency in the case of massive demands, and relieve limitations on the system's stability due to vehicle charging. The communication/computation limitations were addressed by exploiting the trendy fog-based networking and computing architectures [10] . The charging limitations were resolved by proposing a multi-class charging and dispatching model. Despite the valuable results given by deriving the optimal split proportions for this model (compared to typical nonoptimized splitting approaches), its dispatching process is not realistic. Indeed, vehicles in this model only serve trips fitting their SoC (before or after partially charging), ignoring the fact that they can also serve all customer classes requesting smaller trips (and thus less charge). This is not only impractical, but can also result in battery depletion of all vehicles by the end of the service, which can cause instabilities to the entire system.
In this paper, we aim to address this clear limitation of the previous model by enabling sub-class dispatching; i.e., allowing vehicles of each class to serve customers from its own class as well as all classes requesting shorter trips. We then ask: What are the optimal charging and sub-classes dispatching proportions to maximize expected response 0018-9545 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. rate while maintaining stability? To resolve this issue, the following queuing model introduces sub-class service within the multi-class system.
II. PROPOSED SYSTEM MODEL
The refined model in this paper, considering the management of one zone (controlled by a fog controller) mainly differs from the previously studied model in [5] , [6] in the dispatching (serving) decisions. Therefore, we assume the variables defined in the previously mentioned model, including arrival rate of customers in class i λ
c , the arrival rate of all vehicles λ v , the classification of vehicles and customers into n classes, and amount of charging locations C, are the same as in [5] , [6] . Each arriving vehicle in class i , i ∈ {1, . . . , n − 1} will either (1) join vehicles that will serve customers with their current state of charge with probability q i ; or (2) charge its battery to the SoC of class i + 1 with probability q i = 1 − q i and join vehicles that will serve any Sub-class j with j ≤ i + 1. Vehicles of class 0 will either charge their battery to the fullest with probability q 0 , or charge partially with probability
The charging process part of the system model was already proposed in our previous work [5] . The novelty in this model is that each vehicle belonging to class i, whether it went through the charging process or not, will serve customers of any Sub-class j ≤ i. Considering the above change, each vehicle will be able to serve: (1) customers from same class with probability Π ii ; or (2) customers with a trip distance from any Sub-class j ∀ j ≤ i with probability Π ij .
As widely proposed (e.g., [9] , [16] ), the time needed to fully charge a vehicle's depleted battery is exponentially distributed with rate μ c . Consequently, the time for a partial charge of a battery from class i to class i + 1 is represented with an exponential random variable. The rate of this variable is nμ c . Class i customers arrive at rate λ (i) c . They receive service from vehicles at a rate of λ (i) vs . This service rate includes summation of proportions of arrival rates of vehicles that: (1) had Class j ∀j ≥ i SoC when they came to the zone and remained until they could serve customers from Class i ∀i ≤ j; or (2) came to the zone with Class j − 1 SoC, charged their batteries partially, and remianed until they were assigned to serve a Sub-Class i ∀i ≤ j customer. This system encompasses an M/M/1 queue of each of the n customer classes and for the central charging station. The system also encompasses an M/M/C queue for the C partial charging points.
III. STABILITY CONDITIONS
This section uses queuing theory to derive the following stability conditions. Each class of vehicles with an arrival rate λ (i) v will be characterized by its SoC. Customers will be classified into n classes served each with a separate queue of vehicles. λ (i) vs is the vehicles in flow rate available to serve customers in class i. The expression for λ k v can be defined as:
The stability condition of the customers queues are:
The stability conditions of the charging queues are:
The fog controller places a time limit T on the response time for any class. This improves response rates and results in an average response time constraint of:
IV. SUB-CLASS CHARGING AND DISPATCHING OPTIMIZATION
A. Problem Formulation
Our objective is to minimize the maximum response time of each class. This is determined for each class by averaging the time between a customer request and the assignation of a vehicle to serve him or her. The optimization equation for response time is:
From [7] we deduce that we can use the epigraph form to obtain the optimization problem (6) . The equations in (6d) and (6e) represent the customer queuing stability conditions. The inequalities (6f) and (6g) are necessary to maintain stablility in the charging queues. The equations (6h), (6i), (6j) and (6k) represent the fundamental constraints on probabilities. The inequality (6l) restricts the response time to positive values. This last constraint comes from a lower bound of the vehicles arrival rate. This lower bound was derived in previous work [6] .
B. Lower Bound Analytical Solutions
The optimization problem in (6) is non-convex and quadratic. The objective and constraint functions are all second order differentiable. The Lagrange dual optimization and KKT conditions solving for nonconvex problems provide an analytical lower bound solution for the optimal one. In this work we solve problem (6) by first deriving an analytical solution then, numerically iterate toward the feasible set. Several methods and algorithms were proposed to increase the accuracy of lower bound solutions. For example, [13] proposed the Suggest-andImprove algorithm for non-convex quadratic problems.
The problem given in (6) can be optimized using the following Lagrangian function: q, Π, α, β, γ, ω, μ, ν, δ 
Where q = [q 0 , . .
. , q n−1 ] is the vector of charing decisions, Π = [Π ij ] is the vector of dispatching decisions to serve customers, and α
, and ν = [ν ij ] are the Lagrange multipliers associated with each constraint.
Otherwise Three small constants 0 , 1 and 2 are added to the inequalities that maintain stability in the charging queues and the positivity condition on the maximum expected waiting time. These positive constants make the inequalities non strict, leading to more accurate resolutions. The optimal lower bound solutions of (6) are demonstrated in Theorem 1.
Theorem 1: The lower bound solution for the optimization problem in (6), obtained from Lagrangian and KKT analysis can be expressed as follows: where solutions ζ i and ζ ij maximize inf
Proof: The proof of Theorem 1 is in Appendix C in the supplementary material.
Solving the system using KKT condition does not allow finding the complete expression for the solution under all possibilities. As shown in the equation (8) at the bottom of the previous page, we were able to find the exact expression or exact values of the system variables under some conditions but not for all possibilities. We use the added variable ζ i and ζ ij to refer to the optimal values in the cases in which we did not have hold of the full expression.
V. SIMULATION RESULTS ANALYSIS
This section includes multiple tests of our enhanced optimized model through simulations. The model will be assessed based on the maximum response times among all classes. In the following simulations μ c = 0.033 mins −1 is set as the complete vehicle charging rate. The number of charging points available is set as C = 40. First, Fig. 2(a) describes the performance of the maximum vehicle response time as the customer arrival rate
c changes. For this simulation, λ v = 8 min −1 is constant. With these conditions, the smallest amount of classes that satisfies the stability condition in Lemma 2 in [5] is n = 7. From queuing theory rules [8] , [12] the more serving queues a system has, the higher the waiting time will be. Moreover, in previous related work [5] , [6] , we showed that the number of classes n must remain within its lower bound from Lemma 2 in [5] to avoid damage to the system performance and to avoid an increase in the maximum expected response time. sub-classes dispatching decisions (i.e. Π ij proportional to the customers sub-classes needs) These five schemes represent the possible non-optimized policies, in which all the vehicles are not connected and has predefined decisions without considering the other system parameters. These schemes are possible in case of a non connected and optimized system. Fig. 2 compares these approaches with a decreasing SoC distribution. The figure clearly shows a superior performance for our optimal proposed scheme contrasted with several other schemes. As
increases and reaches its limit (i.e., λ v ), which are the most properly engineered scenarios, our proposed scheme particularly stands out. Gains of 49.3%, 69.8%, 93.22%, 86.7% and 94.4% in the performance can be noticed compared to the previously stated policies, respectively. These gains represent the maximum relative gain compared to each of the other approaches over the entire range of the tested Fig. 3(b) depicts the study of the resilience of our model to critical scenarios including a decrease in the number of charging stations. Charging stations may malfunction naturally due to system failures. Additionally, the fog controller could be deliberately attacked, leading to system error, and the vehicles' inability to use the charging stations. In order to preserve customer tolerance during critical situations, the fog controller can inform customers of the temporary delay in response times. To study the resilience of our model, we are only comparing the new proposed model to our previously proposed model. The figure shows clearly the advantage brought by the sub-class dispatching model. The gain gets higher in critical scenarios and reaches up to 65% with very acceptable maximum expected response time even with very low energy resources. These results emphasize our proposed scheme's ability to provide more efficient and reliable customer service.
We solved the problem numerically using Matlab toolboxes for constrained optimization. These toolboxes return both the optimized system variables and the Lagrangian variables. Given these obtained values, we found a perfect match between the derived lower bound expressions given by the KKT conditions and the optimized system variables resulting from the numerical solver (which must satisfy all the problem constraints). This match was obtained for every simulated run in all simulation scenarios and ranges. This shows that our derived lower bounds using the KKT conditions do satisfy all the problem constraints for all simulation scenarios and ranges, which implies that these expressions are indeed the exact solution (at least for all simulation scenarios and ranges) even if we were not able to prove if analytically.
The proposed problem is solved using a Matlab simulation environment installed on a Windows machine with the following specifications: (Processor Intel (R) Core(TM) i5-2410M CPU @ 2.3 GHZ and memory 6 Go). Running our proposed algorithm on this machine, the convergence time for each solution is 50 ± 3 seconds. Clearly, this time is very small compared to the typical change intervals of the system parameters (which typically changes in the range of tens to minutes or even hours).
VI. CONCLUSION
In this work, solutions to the charging and latency problems hindering the success of AEMoDs were proposed. Fog-computing architecture can be established to reduce the latency problems, and serve the customers in distribute optimization loads. This architecture successfully reduces communication delays while still coordinating dispatching and charging processes. In addition, we proposed a multi-class management scheme and constructed a queuing model for charging and sub-class dispatching. Specifically, we used the proportion of vehicles of each class that will serve customers of the same class or any lower class without charging, or will charge completely/partially to derive the optimization problem. We solved this problem to minimize response times in the system while preserving the stability conditions. We analytically derived the optimal decision variables and maximum expected response time. We demonstrated the advantages of our proposed optimal decision plan through extensive simulations. Finally, we compared the simulation results with those of previous models.
